Every singular foliation has an associated topological groupoid, called holonomy groupoid [1] . In this note we exhibit some functorial properties of this assignment: if a foliated manifold (M, F M ) is the quotient of a foliated manifold (P, F P ) along a surjective submersion with connected fibers, then the same is true for the corresponding holonomy groupoids. For quotients by a Lie group action, an analog statement holds under suitable assumptions, yielding a Lie 2-group action on the holonomy groupoid.
Introduction
The space of leaves of a foliation is typically not smooth, and might fail to be Hausdorff. As a replacement for the leaf space one often takes a smooth group-like object canonically associated to the foliation, namely the holonomy Lie groupoid, and declares two Lie groupoids to model the same space if they are Morita equivalent.
Singular foliations extend the classical notion of foliation by allowing singularities. In this note we will adopt the definition of singular foliation that appears in [1] and is inspired by the work of Stefan and Sussmann (among others) in the 1970's. It entails not only a smooth partition of the underlying manifold in immersed submanifolds of varying dimension, but it also contains information about the dynamics along the leaves, i.e. the ways that one can flow along them. This notion of singular foliation allows for Lie-theoretic constructions. The most prominent of them is the canonical assignment of a topological groupoid by Androulidakis-Skandalis [1] , which is called holonomy groupoid since in the case of (regular) foliations it recovers the holonomy Lie groupoid mentioned above.
The assignment of the holonomy groupoid to a singular foliation satisfies functoriality properties: under certain conditions, a map π between foliated manifolds induces canonically a morphism of holonomy groupoids, which can be regarded as a replacement for the induced map of leaf spaces. In this paper we prove properties of this assignment when π satisfies a surjectivity property, and thus can be regarded as a quotient map. We now outline the main results.
Statement of results Let F be a singular foliation on a manifold P , and let π∶ P → M be a surjective submersion with connected fibers. Under mild invariance conditions, F can be pushed forward along π to a singular foliation F M on M . Since the foliation F M is obtained from F by a quotient procedure, it is natural to wonder whether the holonomy groupoid H(F M ) is also quotient of the holonomy groupoid H(F). We show that this is always the case (see Thm. 1.24):
Theorem. The map π induces a canonical surjective morphism
Ξ∶ H(F) → H(F M ).
We emphatize that this is a statement about (typically not source simply connected) topological groupoids. It is an analogue of the following fact in Lie groupoid theory: let A, B be integrable Lie algebroids, and G, H the source simply connected Lie groupoids integrating them. Given a morphism of integrable Lie algebroids φ∶ A → B which is fiberwise surjective and covers a surjective submersion between the manifolds of objects 1 , there is a unique Lie groupoid morphism Φ∶ G → H integrating φ, and further Φ is a surjective submersion.
In the rest of the paper we refine the above result in the case of Lie group actions. That is, we assume that π∶ P → M = P /G is the quotient map of the action of a Lie group G on P , which we assume to be free, proper, and preserving the singular foliation F. The action lifts naturally to a G-action on H(F), but a simple dimension count shows that the quotient can not be isomorphic to H(F M ) in general. In §2 we show that when F contains the infinitesimal generators of the G-action, there is a natural action of a semidirect product
Lie group G ⋊ G on H(F) -not by Lie groupoid automorphisms -with quotient H(F M ).
Remarkably, this is a Lie 2-group action (see Thm. 2.7). In other words:
Theorem. When F contains the infinitesimal generators of the G-action, the induced morphism Ξ is the quotient map of a Lie group action in the category of groupoids.
We expect the above conclusion to hold in greater generality, namely under a regularity condition on the intersection of F with the foliation generated by the G-action on P . We hope to address this in a future paper.
In the general case that F does not necessarily contain the infinitesimal generators of the G-action, it is no longer true that the Ξ-fibers are given by orbits of a Lie 2-group action. In §3 we prove a statement in an abstract setting, which we apply to the case at hand in §4. We obtain a general statement about the fibers of Ξ (see Prop. 4.5):
Proposition. The fibers of Ξ coincide with the orbits of a groupoid action on H(F).
We also obtain a canonical Lie 2-group action, whose orbits however may be smaller than the fibers of Ξ (see Prop. 4.10):
Proposition. There is a canonical Lie ideal h of g which gives rise to a Lie 2-group H ⋊ G and a Lie 2-group action on H(F), whose orbits are contained in the Ξ-fibers
The concrete form of this Lie 2-group action is inspired by the special case in which F contains the infinitesimal generators of the G-action (hence H = G). Indeed in that case we recover the Lie 2-group action given in §2.
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Quotients of foliations by surjective submersions
We start reviewing singular foliations in the sense of [1] and the topological groupoids associated to them. As recalled in §1.2, given a surjective submersion with connected fibers P → M , an "invariant" singular foliation F on P induces a singular foliation F M on M , which can be regarded as a quotient of the former. The main statement of the paper is that the holonomy groupoid of F M is a quotient of the holonomy groupoid of F, see Thm. 1.24. In §1.3 we give an explicit characterization of the quotient map when F is a pullback-foliation.
Background on singular foliations and holonomy groupoids
We review first the notions of singular foliation and holonomy groupoid from the work [1] by Androulidakis-Skandalis.
Singular foliations Definition 1.1. A singular foliation on a manifold P is a C ∞ (P )-submodule F of the compactly supported vector fields X c (P ), closed under the Lie bracket and locally finitely generated. A foliated manifold is a manifold with a singular foliation. Remark 1.2. Let P be a manifold and F a submodule of X c (P ). Take an open set U ⊂ P and consider ι −1 U F ∶= {X| U ∶ X ∈ F and supp(X) ⊂ U }. The module F is locally finitely generated if for every point of P there is an open neighborhood U and finitely many vector fields X 1 , . . . , X n ∈ X(U ) such that ι
. . , X n }. Any singular foliation gives rise to a singular distribution that satisfies the assumptions of the Stefan-Sussmann theorem; therefore, it induces a partition of the manifold into immersed submanifolds called leaves. Example 1.3. i) Given an involutive regular distribution D ⊂ T P , which corresponds to a regular foliation by the Frobenius theorem, we obtain a singular foliation F ∶= Γ c (D).
ii) If A is a Lie algebroid over P with anchor ♯∶ A → T P , then ♯(Γ c (A)) is a singular foliation.
The following vector spaces measure the regularity of a singular foliation at a given point. Definition 1.4. Let (P, F) be a foliated manifold and x ∈ P . Denote
If dim(F x ) is constant then F is a regular foliation. If dim(F x ) is constant then F is a protective module and it is isomorphic to the sections on a vector bundle. Definition 1.5. Let (M, F M ) be a foliated manifold and π ∶ P → M a submersion. Consider the following maps of sections of the pull-back vector bundle π * T M over P :
is the set of projectable vector fields on P which project to elements of F M . The pullback foliation of F M under π is the singular foliation [1, Prop. 1.10] on P given by
Notice that the pullback foliation is generated by projectable vector fields.
Remark 1.6. The original definition in [1] is given in more generality, for any smooth map π transverse to F M . Definition 1.7. Given a submodule F of X c (P ), its global hull is given by:
Given a surjective submersion π ∶ P → M (not necessarily with compact fibers) and a singular foliation F M on M , it may happen that the set of projectable vector fields in π −1 (F M ) consists just of the zero vector field, but by definition of pullback foliation,
Holonomy groupoids
Singular foliations as in definition 1.1 contain more information than just the underlying partition of P into leaves, since they carry "dynamics" on P . This extra information was used in [1] to define the holonomy groupoid via the following "building blocks":
where U is a manifold and t∶ U → P , s∶ U → P are submersions, such that:
Example 1.9. Let G ⇉ P be a Lie groupoid and F G the singular foliation on P given by the Lie algebroid of G. Any Hausdorff open set U ⊂ G, together with t| U and s| U , is a bisubmersion for F G . In particular, if G is a Hausdorff Lie groupoid, then it is a bisubmersion.
The following proposition, proven in [1, §2.3] , assures the existence of bisubmersions at any given point x 0 ∈ M . Proposition 1.10. Given x 0 ∈ P , let X 1 , . . . X k ∈ F be vector fields whose classes in the fibre F x 0 form a basis.
There is a neighborhood U ⊂ W of (0, x 0 ) such that (U, t, s) is a bisubmersion. Definition 1.11. A bisubmersion as in Prop. 1.10, when it has s-connected fibers, is called path holonomy bisubmersion. Definition 1.12. Let (P, F) be a foliated manifold, (U, t, s) a bisubmersion and u ∈ U . Denote x = s(u).
• A bisection at u consists of a s-section σ∶ V → U , defined on an open subset V ⊂ P , whose image is transverse to the fibers of t and passes through u.
• Given a diffeomorphism f ∶ P ⊃ V → V ′ ⊂ P , a bisubmersion (U, t, s) is said to carry f at u ∈ U if there exists a bisection σ at u such that f = t • σ. Definition 1.13. Let (P, F) be a foliated manifold, (U 1 , t 1 , s 1 ) and (U 2 , t 2 , s 2 ) be bisubmersions for F.
• The inverse bisubmersion of U 1 is U −1 1 ∶= (U 1 , s 1 , t 1 ), obtained interchanging the source and target maps.
• The composition bisubmersion is
• A morphism of bisubmersions is a map µ∶ U 1 → U 2 that commutes with the respective source and target maps. We will say that it is a local morphism if it is defined on an open set of U 1 .
If there is a morphism of bisubmersions µ∶ U 1 → U 2 , then any local diffeomorphism carried by U 1 at u ∈ U 1 will be carried by U 2 at µ(u). Definition 1.14. Let (P, F) be a foliated manifold, (U 1 , t 1 , s 1 ) and (U 2 , t 2 , s 2 ) be bisubmersions for F, u 1 ∈ U 1 and u 2 ∈ U 2 . We say that u 1 is equivalent to u 2 if there is a local morphism of bisubmersions µ∶
The previous definition gives an equivalence relation on any family of bisubmersions, as becomes clear from the following useful proposition. Proposition 1.15. Let (P, F) be a foliated manifold, (U 1 , t 1 , s 1 ) and (U 2 , t 2 , s 2 ) be bisubmersions for F, u 1 ∈ U 1 and u 2 ∈ U 2 . Then u 1 is equivalent to u 2 if and only if U 1 and U 2 carry the same local diffeomorphism at u 1 and u 2 respectively.
Proof. This is a direct consequence of [1, Cor. 2.11]. Definition 1.16. Let U = {U i } i∈I a family of bisubmersions for F.
• A bisubmersion U ′ is adapted to U if for any u ′ ∈ U ′ there is u ∈ U ∈ U which is equivalent to u ′ . A family of bisubmersions U ′ is adapted to U if any bisubmersion U ′ ∈ U ′ is adapted to U.
• We say that U is an atlas if:
1. For all x ∈ P there is a U ∈ U that carries the identity diffeomorphism nearby x.
2. The inverse and finite compositions of elements of U are adapted to U.
Example 1.17. Let G ⇉ P be a Lie groupoid and F G its associated foliation. Any cover U G ∶= {U i } i∈I of G by open Hausdorff subsets is an atlas of bisubmersions for F G . In particular, if G is Hausdorff, it is also an atlas. Any two Hausdorff covers of G are adapted to each other. Proposition 1.18. (Groupoid of an atlas) Let U be an atlas of bisubmersions for F.
where ∼ is the equivalence relation given in definition 1.14, and endow it with the quotient topology. There is a natural structure of open topological groupoid on G(U) where the source and target maps are given by the source and target maps of the elements of U.
Definition 1.19. Let S be a family of source connected bisubmersion such that for every x ∈ P there is a u x ∈ U x ∈ S carrying the identity diffeomorphism nearby x. The atlas U generated by S is called a source connected atlas.
For instance, a family S of path holonomy bisubmersions such that ∪ U ∈S s(U ) = M generates a source connected atlas. It is called a path holonomy atlas.
The groupoid of a source connected atlas is source connected. This implies [6] that all source connected atlases are adapted to each other. The proof of the following statement can be found in [7, §3.1] and in [6] . In particular the holonomy groupoid is an open source connected topological groupoid, which does not depend (up to isomorphism) on the choice of source connected atlas. Remark 1.22. Let G ⇉ P be a source connected Lie groupoid and F G its associated foliation.
Let S G be a Hausdorff cover of a neighborhood of the identity bisection in G and U G the atlas generated by S G . Then U G is a source connected atlas, hence
One can show that U G is adapted to the atlas given in example 1.17, and therefore that G(U G ) ≅ G/ ∼, where the latter equivalence relation identifies two points when they carry the same local diffeomorphism. Consequently,
If F is a regular foliation, by the Frobenius theorem there is a Lie algebroid D ⊂ T P such that F = Γ c (D). The monodromy groupoid Π(F), consisting of holonomy classes of paths in the leaves of F, is a source connected Lie groupoid integrating D. Therefore
is the well-known holonomy groupoid of a regular foliation.
The main theorem
We reproduce [2, Lemma 3.2], about quotients of foliated manifolds. Proposition 1.23. Let π ∶ P → M be a surjective submersion with connected fibers. Let F be a singular foliation on P , such that Γ c (ker dπ) ⊂ F. Then there is a unique singular foliation
The following theorem is our main result and will be proven in Appendix A.2.
Theorem 1.24. Let π ∶ P → M be a surjective submersion with connected fibers. Let F be a singular foliation on P , such that
Denote by F M the singular foliation on M obtained from F big ∶= Γ c (ker dπ)+F as in Prop.
Then there is a canonical, surjective morphism of topological groupoids
This should be interpreted as follows. The singular foliation F M is obtained from F by a quotient procedure (more precisely F M = π * F, see Lemma A.1 ii)). The theorem states that the same is true for the respective holonomy groupoids. Remark 1.25. We now give a characterization of the morphism Ξ. By Lemma A.1 i) and Lemma A.3 there exists a family of source connected bisubmersions S for F such that: i) for every x ∈ P there is u x ∈ U x ∈ S carrying the identity diffeomorphism nearby x,
2 is a source connected bisubmersion for
S} is an open subset of H(F) containing the set of identities 1 P . The map Ξ is characterized by
For regular foliations, the morphism Ξ admits a familiar description.
Proposition 1.26 (Regular foliations).
When both F and F M are regular foliations, the morphism Ξ∶ H(F) → H(F M ) can be easily described by
Proof. We may assume that H(F) is Hausdorff (when not, one needs to argue using a Hausdorff cover of it as in Rem. 1.22). The Lie groupoids H(F) and H(F M ) are source connected atlases for F and
hol is a submersion, since it is a Lie groupoid morphism integrating the fiber-wise surjective Lie algebroid morphism π * . This implies that (H(F),
Notice that the latter triple equals (H(F), π • t, π • s), which hence is a bisubmersion. Therefore H(F) satisfies the conditions of the family S in Rem. 1.25. We can thus compute
where the first equality holds by eq. (2) and the fact thatπ∶ (
We present an example for Thm. 1.24 where F is a regular foliation and F M is a genuinely singular foliation. Notice that the holonomy groupoid of the former foliation has discrete isotropy groups, whereas for the latter the isotropy groups are not all discrete. . The circle U (1) acts on the cylinder P by rotations of the first factor, preserving the foliation F. The singular foliation F big on P has three leaves (two open leaves, separated by the middle circle). The quotient map
In more generality, if U is any source connected atlas for F and U ∈ U, then (U, π • t, π • s) is a bisubmersion for F M adapted to a source connected atlas. For more details see [6, §5] . 3 The foliation F is the quotient by the natural Z-action of the foliation on the x-y-plane whose leaves is the second projection. On the quotient, the induced foliation is F M = ⟨y ∂ ∂y ⟩, a genuinely singular foliation.
For the holonomy groupoids, we have H(F) = R × P , the transformation groupoid of the action of the Lie group R on P by the flow of X, which reads φ t (θ mod 2π, y) = (θ + t mod 2π, e t y). Further H(F M ) = R × M , the transformation groupoid of the action of the Lie group R on M by the flow of y ∂ ∂y , which reads φ t (y) = e t y. This follows from [2, Ex. 3.7 (ii)]. The canonical surjective morphism of Thm. 1.24 is
This can be seen from eq. (2), since the vector field X π-projects to y ∂ ∂y
. Notice that, at points S 1 × {0}, the isotropy groups of H(F) are discrete, as for all regular foliations, while the isotropy group of H(F M ) at the point 0 ∈ M is isomorphic to R. 
A characterization of the quotient map for pullback-foliations
We make the map Ξ in Thm. 1.24 more explicit in the special case that Γ c (ker dπ) ⊂ F. In this case F = F big is the pullback of F M by π.
We will need [7, Thm. 3 .21], stated as follows: Theorem 1.28. Given a foliated manifold (M, F M ) and a surjective submersion with connected fibers π∶ P → M , there is a canonical isomorphism
where the r.h.s. denotes the pullback groupoid
Remark 1.29. Let U be a path holonomy atlas for
is a source connected atlas for π −1 (F M ), see [7] . We describe the isomorphism ϕ by
Our alternative description of the map Ξ is as follows: Proposition 1.30. Let π∶ P → M be a surjective submersion with connected fibers. Let F be a singular foliation on P , such that Γ c (ker dπ) ⊂ F. Denote by F M the unique singular foliation on M such that π
) given in Thm. 1.28, the following two morphisms coincide:
• the morphism Ξ∶ H(F) → H(F M ) given by Thm. 1.24,
Proof. Fix a path holonomy atlas U for F M . By Rem. 1.29 the family π −1 U is a source connected atlas for F = π −1 (F M ). Moreover, one can show that for all U ∈ U the triple (π −1 (U ), π • t, π • s) is a bisubmersion for F M , therefore π −1 U satisfies the conditions of the family S in Rem. 1.25 (in this case the family is also an atlas, i.e.
We want to show that Ξ • ϕ −1 = pr 2 . To this aim, take any
Note thatπ∶ (π
. Then eq. (3) holds by the characterization of Ξ given in Rem. 1.25.
Lie 2-group actions on holonomy groupoids
We start reviewing Lie 2-groups and Lie 2-group actions. In §2.2 we present an important special case of Thm. 1.24 in which the map Ξ is the quotient map of a Lie 2-group action on H(F) (see Thm. 2.7 and Prop. 2.8). We will revisit this special case later on, in §4.3.
Background on Lie 2-groups
In the sequel will need the notion of Lie 2-group, which we recall here. Definition 2.1. A Lie 2-group is a group in the category of Lie groupoids.
In other words, a Lie 2-group is a Lie groupoid G ⇉ G such that G and G are Lie groups, so that the group multiplication and group inverse are Lie groupoid morphisms, and the inclusion of the neutral elements is a Lie groupoid morphism.
Remark 2.2. Equivalently, a Lie 2-group is a groupoid in the category of Lie groups. Example 2.3. Let G be a Lie group and H ⊂ G a normal Lie subgroup. Then H acts on G by left multiplication, leading to the action Lie groupoid H × G ⇉ G. In particular, the groupoid composition is
Note that its space of arrows has a group structure, namely the semidirect product by the conjugation action C g (h) = ghg −1 of G on H. Explicitly, the group multiplication is given by
We write H ⋊ G for H × G endowed with this group structure. One can check that H ⋊ G ⇉ G is a Lie 2-group.
Remark 2.4. For the sake of completeness, we provide the description of a Lie 2-group in full generality. A crossed module of Lie groups consists of Lie groups H and G, Lie group morphisms C∶ G → Aut(H); g ↦ C g and t∶ H → G such that t(C g (h)) = gt(h)g −1 and
C t(h) (j) = hjh −1 for all g ∈ G and h, j ∈ H. There is a bijection between Lie 2-groups and crossed module of Lie groups [5] . Given a Lie 2-group G ⇉ G, the associated crossed module is given by G, by H ∶= ker(s) (a normal subgroup of G), by the restriction t∶ H → G of the target map, and the Lie group morphisms C∶ G → Aut(H); g ↦ C g (h) ∶= ghg −1 . Then G as a Lie group is isomorphic to the semidirect product of G and H by the action C, and as a Lie groupoid it is isomorphic to the transformation groupoid of the H-action on G by left multiplication with t(⋅). Definition 2.5. A Lie 2-group action is a group action in the category of Lie groupoids.
Hence an action of a Lie 2-group G ⇉ G on a Lie groupoid H ⇉ P consists of group actions of G on H and of G on P such that the action map 
Lie 2-group action on the holonomy groupoid of a pullback foliation
Fix a foliated manifold (P, F) and a free and proper action of a connected Lie group G on P preserving F. We assume that the infinitesimal generators of the G-action lie in the global hullF, i.e. Γ c (ker dπ) ⊂ F. This occurs exactly when F is the pullback of F M by π, as in §1.3.
Theorem 2.7. Let G be a connected Lie group acting freely and properly on a foliated manifold (P, F). Assume that Γ c (ker dπ) ⊂ F. Then there is a canonical Lie 2-group action 5 of G ⋊ G ⇉ G on the holonomy groupoid
H(F).
4 One can prove Prop. 2.6 following [8, §2.4]: define R = {(x, gx) ∈ P × P ∶ x ∈ p and g ∈ G} and S = {(θ, (h, g)θ) ∈ H ∶ θ ∈ H and (h, g) ∈ G}, and show that (S, R) is a smooth congruence for H. See [6, §5.3] for more details. 5 Here we use the term "Lie 2-group action" in a loose way, since H(F) is generally not a Lie groupoid.
Here G ⋊ G ⇉ G is endowed with the Lie 2-group structure of Ex. 2.3.
Proof. We make use the canonical isomorphism H(F) ≅ π −1 (H(F M )) given in Thm. 1.28. There is a canonical Lie 2-group action of G ⋊ G on π −1 (H(F M )), extending the given action of G on the base P , given by
It can be checked by computations that this defines a group action and groupoid morphism. Alternatively, we can use the isomorphism of Lie 2-groups to G×G ⇉ G (the pair groupoid, with product group structure) given by
). Under this isomorphism, (4) becomes
which is easily checked to be a Lie 2-group action.
Proposition 2.8. Assume the set-up of Thm. 2.7.
The orbits of the Lie 2-group action of G ⋊ G ⇉ G on H(F) are exactly the fibers of the canonical map Ξ∶ H(F) → H(F M ). In particular, the quotient of H(F) by the action is canonically isomorphic to H(F M ).
Proof. The formula (4) makes clear what the orbits are, and Prop. 1.30 shows that they agree with the Ξ-fibers.
Induced groupoid actions
Motivated by the case of holonomy groupoids we will address in §4, in this section we consider the following abstract setting:
• a free and proper action of a Lie group G on a manifold P , with quotient map π∶ P → M ∶= P /G,
• a surjective morphism of topological groupoids Ξ∶ H → H ′ covering π
• a group action ⃗ ⋆ of G on H by groupoid automorphisms covering the G-action on P and preserving each fiber of Ξ.
Denote K ∶= ker(Ξ), which is a topological subgroupoid of H with space of objects P . Note that since the action of G on H preserves each fiber of Ξ, we obtain by restriction a group action of G on K, also by groupoid automorphisms. In this section we describe the the fibers of Ξ∶ H → H ′ , as follows:
There is a Lie groupoid structure on K × G and a groupoid action of K × G on t∶ H → P , whose orbits coincide with the fibers of Ξ.
To prove Prop. 3.1 we first need a lemma.
Lemma 3.2. The fibers of Ξ are given by the orbits of the action of G on H composed 6 with elements in K. More precisely, the fiber through ξ ∈ H is
Proof. Fix ξ 1 ∈ H. The above subset K • (G ⃗ ⋆ξ 1 ) is certainly contained in the Ξ-fiber through ξ 1 .
To show the converse, let ξ 2 lie in the same Ξ-fiber as ξ 1 , then s(ξ 2 ) and s(ξ 1 ) lie in the same π-fiber. Let g ∈ G such that gs(ξ 1 ) = s(ξ 2 ). As this equals s(g ⃗ ⋆ξ 1 ), the groupoid composition ξ 2 • (g ⃗ ⋆ξ 1 ) −1 is well-defined, and
where we used that Ξ is a groupoid morphism and the action of G preserves the Ξ fibers, respectively in the first and second equality. As a consequence,
Remark 3.3. While the fibers of a group morphisms are just translates of the kernel, for morphisms of groupoids over different bases this is no longer true. This explains why the description of the fibers in Lemma 3.2 is slightly involved.
When the groupoids in Lemma 3.2 are Lie, following [8] we know that the fibers of the map Ξ are given by a normal subgroupoid system (N , R, θ). In our case N = K, while R ≃ G × P and θ is determined by the G-action ⃗ ⋆.
Since the Lie group G acts by groupoid automorphisms on the groupoid K, we can form the semidirect product groupoid (see [3, §2] and [4, §11.4]). We obtain a groupoid structure on K × G with space of objects P , as follows: a) the source and target maps are respectively
, where e G denotes the unit element of the group G,
One checks that the groupoid K × G acts on the map t∶ H → P via
Proof of Prop. 3.1. The orbits of the groupoid action ⭒ of K × G on t∶ H → P are precisely the fibers of Ξ, by Lemma 3.2.
Quotients of foliations by group actions: the general case
In this section we consider the following set-up:
a foliated manifold (P, F), a free and proper action of a connected Lie group G on P preserving F.
Condition (1) in Thm. 1.24 is satisfied. Hence we obtain a surjective groupoid morphism
covering the projection π∶ P → M ∶= P /G, where the latter is endowed with the foliation F M specified there. Unlike the special case considered in §2.2, the Ξ-fibers are not the orbits of a Lie 2-group action in general. In this section we make two general statements about the Ξ-fibers. In §4.1, after lifting the G-action on P to an action on H(F) by groupoid automorphisms, we characterize the fibers of Ξ as the orbits of a groupoid action (see Proposition 4.5). In §4.2 we establish the existence of a canonical Lie 2-group action on H(F) whose orbits lie inside the Ξ-fibers, but which might fail to be the whole fiber (see Prop. 4.10 and Cor. 4.11).
Groupoid actions on the holonomy groupoid
In this subsection we characterize the fibers of Ξ as the orbits of a groupoid action. We start by showing that the G action on P admits a canonical lift to H(F).
Lemma 4.1. Letĝ∶ P → P be the diffeomorphism given by the action of g ∈ G. Take a path holonomy atlas U and a bisubmersion W ∈ U. The triple
is a bisubmersion. Moreover gW is adapted to U.
Proof. Because the G-action preserves F, the pullback foliationĝ −1 F equals F, implying that gW is a bisubmersion.
We prove that gW is adapted to U. Notice that g(
Hence it is sufficient to assume that W is a path holonomy bisubmersion, as any element in the path-holonomy atlas is a composition of such elements.
Denote by v 1 , ⋯, v n ∈ F the vector fields that give rise to the path holonomy bisubmersion W (hence W ⊂ R n × P ). Consider the push-forward vector fieldsĝ * v 1 , ⋯,ĝ * v n ∈ F.
The associated path-holonomy bisubmersion is defined on
is an isomorphism of bisubmersions and since W ′ is adapted to U (being a path holonomy bisubmersion), we conclude that gW is adapted to U.
Now we introduce the lifted action
where, for any v in a path holonomy bisubmersion W , we denote by [v] gW the class of v regarded as an element of gW . This is clearly well-defined and indeed a Lie group action. Further, this action is by groupoid automorphisms:
is a groupoid morphism covering the diffeomorphismĝ∶ P → P . Proof. By Rem. 1.25 there exists a family of path holonomy bisubmersions S for F such
The morphism Ξ is induced by the identity map from the atlas for F generated by S to the atlas for F M generated by {(U, π • t, π • s) ∶ U ∈ U}, see the characterization of Ξ given in Rem. 1.25.
Fix g ∈ G, and u ∈ U ∈ S. By the above and since π •ĝ = π, the images under Ξ of both To show that Ξ(ξ) = Ξ(g ⃗ ⋆ξ) for any ξ ∈ H(F), write ξ as a finite composition of elements [u] as above, use that Ξ is groupoid morphism and that g ⃗ ⋆(−) is a groupoid automorphism by Lemma 4.2. 
Notice that the Lie group action of G on P , the groupoid morphism Ξ∶ H(F) → H(F M ) (see eq. (6)) and the lifted Lie group action ⃗ ⋆ of G on H(F) (see eq. (7)) fit in the abstract setting described at the beginning of §3, thanks to Lemma 4.2 and Lemma 4.3. Therefore we can apply Prop. 3.1 to obtain a complete description of the Ξ-fibers:
The orbits of this action are precisely the fibers of Ξ.
An instance of Prop. 4.5 is Example 1.27, where we have G = S 1 and ker Ξ = 1 P .
A canonical Lie 2-group action on the holonomy groupoid
In this subsection we prove that there always is a Lie 2-group action on H(F) whose orbits lie inside the fibers of the morphism Ξ. In general however the orbits do not coincide with the (connected components of) the Ξ-fibers. The formulae for this Lie 2-group action are suggested by the special case we will spell out in §4.3.
Denote the Lie algebra of G by g, and by v x ∈ X(P ) the generator of the action corresponding to x ∈ g. Lemma 4.6. The subspace h ∶= {x ∈ g ∶ v x ∈F} is a Lie ideal of g.
Denote by H the unique connected Lie subgroup of G with Lie algebra h. Lemma 4.6 implies that H is a normal subgroup, hence as in Example 2.3 we obtain a Lie 2-group
We define a Lie group action of H of H(F). It is not by groupoid automorphisms, unlike the lifted G-action ⃗ ⋆ introduced in §4.1, but rather it preserves every source fiber. In order to do so, we need a lemma.
Lemma 4.7. There is a canonical groupoid morphism
where H × P denotes the transformation groupoid of the H-action on P obtained restring the action of G.
The morphism φ can be described as follows: take (h, p) ∈ H×P and denote byĥ∶ P → P the diffeomorphism corresponding to h under the G-action. Then φ(h, p) is the unique element of H(F) carrying the diffeomorphismĥ near p.
Proof of Lemma 4.7. Denote by F H the regular foliation on P by orbits of the H-action. Its holonomy groupoid is exactly H × P , as follows from [1, Ex. 3.4(4) ] (use that the Lie groupoid H×P gives rise to the foliation F H and is effective, i.e. the identity diffeomorphism on M is carried only by identity elements of the Lie groupoid, due to the freeness of the action).
Since F H ⊂ F, we are done applying [9, Lemma 4.4] in the special case of the pair groupoid over P .
The description of φ given in the statement holds since φ is a groupoid morphism covering Id P .
Lemma 4.8. We have φ(H × P ) ⊂ K ∶= ker(Ξ).
Proof. We use Lemma 4.7. A point φ(h, p) of the l.h.s. carries near p the diffeomorphismĥ (the diffeomorphism corresponding to h under the G-action). If h ∈ H is sufficiently close to the unit element, φ(h, p) admits a representative u in a path holonomy bisubmersion (U, t, s) for F satisfying the properties of Rem. (1) and h(0) =h(0). Therefore there is a well-defined injective groupoid morphism
where h(t) is any path in H with h(0) = e and h(1) = h. This morphism is precisely φ. It is clear using Prop. 1.26 that its image lies inside K = ker(Ξ).
Consider now the following map, obtained applying the morphism φ of Lemma 4.7 and left-multiplying:
Notice that φ being a groupoid morphism implies that ⃗ ⋆ is group action. We now assemble the group action ⃗ ⋆ and the lifted action ⃗ ⋆:
Proposition 4.10. The map
is a Lie 2-group action.
Proof. We first observe that if ξ ∈ H(F) carries a diffeomorphism ψ, then g ⃗ ⋆ ξ carries the diffeomorphismĝψĝ −1 . We also observe the following two facts, which hold because both the left and the right side carry the same diffeomorphism (as can be seen using the above observation) and because of Prop. 1.15: i) the map φ∶ H × P → H(F) satisfies the following equivariance property:
where c g denotes conjugation by g. ii) For all h ∈ H and ξ ∈ H(F) we have
To show that ⋆ is a group action, the main requirement is to show that
. This holds by a straightforward computation, in which the second term is re-written using the fact that φ is a groupoid morphism and is G-equivariant (fact i) above).
To show that ⋆ is a groupoid morphism, the main requirement is to show that (h 1 h 2 , g 2 )⋆ (ξ 1 • ξ 2 ) and (h 1 , g 1 ) ⋆ ξ 1 • (h 2 , g 2 ) ⋆ ξ 2 agree, where g 1 = h 2 g 2 and s(ξ 1 ) = t(ξ 2 ). Upon using that φ is a groupoid morphism and the action ⃗ ⋆ is by groupoid automorphisms, this boils down to applying 7 fact ii) above. 
An alternative description for the Lie 2-group action of §2.2
We obtained the formula for the Lie 2-group action of H ⋊G in §4.2 by considering a special case, as we now explain. Assume the set-up of Thm. 2.7, in particular that Γ c (ker dπ) ⊂ F (i.e.,F contains the infinitesimal generators of the G-action). There we defined an action of G ⋊ G on H(F) by means of the canonical isomorphism ϕ∶ H(F)
. The goal of this subsection is to prove the following proposition: Lemma 4.14. Under the isomorphism ϕ, the action ⃗ ⋆ of H introduced in eq. (8) and the restriction of the Lie 2-group action * of eq. (4) agree:
for all h ∈ G and ξ ∈ H(F).
Proof. Take an arbitraty element ξ ∈ H(F) and a path holonomy atlas U for F M . Let (p, u, q) ∈ π −1 U ∈ π −1 U be a representative of ξ, and let f be a local diffeomorphism carried at (p, u, q) .
Fix h ∈ G, and denote byĥ∶ P → P the diffeomorphism corresponding to h under the Gaction. Note that the transformation groupoid G×P carries the diffeomorphismĥ at (h, p). Hence any representative of φ(h, p) ∈ H(F) in π −1 U carries this diffeomorphism, where φ is the groupoid morphism of Lemma 4.7. In turn, this implies that any representative of
We conclude that
using in the second equality the description of the isomorphism ϕ given in Rem. 1.29.
Proof of Prop. 4.12. The proposition follows from
where we used Lemmas 4.13 and 4.14 in the second equality.
by Lemma 4.14. Under the same identification, ker(Ξ) corresponds to ker(pr 2 ) = P × π M × π P , by Prop. 1.30.
Proof. We first make a claim. Claim: Lemma A.1 holds in the special case that Γ c (ker dπ) ⊂ F. Indeed, in this special case, by Prop. 1.23 there is a unique singular foliation F M on M with π −1 (F M ) = F. Given this, i) is a consequence of Definition 1.5. For ii), note that π −1 (π * (F)) = F, as can be checked using i). Since F = π −1 F M , we obtain F M = π * (F) by the uniqueness statement in Prop. 1.23. This proves the claim.
Take F big ∶= Γ c (ker dπ) + F, a singular foliation satisfying the condition of the above claim. We now proceed to prove the two items of the lemma.
i) By the claim,F big proj
There exist finitely many Y j ∈F
big , we can write Y j =Ŷ j + Z j withŶ j ∈F proj and Z j ∈ Γ(Ker(dπ)). Then:
The last term ∑ j f j Z j = X − ∑ j f jŶj lies in F as the difference of two elements of F, and is π-projectable (to the zero vector field on M ). Hence this last term lies inF proj , and we
big , using the claim in the second equality, and
A.2 Proof of Thm. 1.24
We first state a special case 9 of [9, Prop. D.4] that is relevant for us.
Proposition A.2. Let π∶ P → M be a surjective submersion. Let F be a singular foliation on P , and assume that it satisfies the following condition:
Then there is a canonical, surjective morphism of topological groupoids Ξ∶ H(F) → H(π * (F)) covering π.
We can now prove Thm. 1.24:
Proof of Thm. 1.24. Apply Prop. A.2. Notice that condition (9) is satisfied by Lemma A.1 i) and π * F = F M by Lemma A.1 ii).
In order to keep this paper self-contained, in the rest of this appendix we sketch a proof of Prop. A.2, referring to [9, Prop. D.4] for more details. We start with a lemma. Lemma A.3. Let π ∶ P → M and F be as in Prop. A.2, and F M ∶= π * (F). Then there exists a family of path holonomy bisubmersions S for F such that i) for every x ∈ P there is u x ∈ U x ∈ S carrying the identity diffeomorphism nearby x, ii) for any U ∈ S we have that (U, π • t, π • s) is a source connected bisubmersion for F M . Further it is adapted to a path holonomy bisubmersions for F M .
Proof. Claim: F is locally generated by finitely many π-projectable vector-fields inF. Indeed, for any x ∈ P there are a neighborhood V 0 ⊂ P and finitely many generators Y 1 , . . . , Y k ∈ X(V 0 ) of ι Now, for every point x of P , take be a minimal set of π-projectable elements {X 1 , . . . , X n } inF that are local generators of F nearby that point. Let (U, t, s) be the corresponding path-holonomy bisubmersion, where U ⊂ R n × P . Then (U, π • t, π • s) is a bisubmersion for F M , with source map (λ, p) ↦ π(p) and target map (λ, p) ↦ exp π(p) (∑ λ i π * X i ).
A way to see this is to apply [1, Lemma 2.3] to the path-holonomy bisubmersion W ⊂ R n × M for F M corresponding to the generators {π * X 1 , . . . , π * X n } and to the submersion 10 (Id R n , π)∶ R n × P → R n × M . We observe that (Id R n , π) is a morphism of bisubmersions from (U, π • t, π • s) to W . This shows that the former bisubmersion is adapted (see Def.
1.16) to the latter. Last, the point (0, x) carries the identity diffeomorphism nearby x.
Remark A.4. Not every bisubmersion (U, t, s) for F satisfies that (U, π • t, π • s) is a bisubmersion for F M . For instance take P ∶= R 2 , F = 0 and M = R with map π∶ P → M given by the first projection. Then F M = 0. Now take any diffeomorphism φ∶ P → P that does not preserve the foliation π −1 (F M ) by the fibers of π. Then (P, Id, φ) is a bisubmersion for F but (P, π, π • φ) is not a bisubmersion for F M .
Sketch of proof of Prop. A.2: Take a family S of path-holonomy bisubmersions (U, t, s) for F as in Lemma A.3. Denote by U 1 the atlas it generates.
For every element of S, consider the corresponding bisubmersion (U, π • t, π • s) for F M , and denote by U 2 the atlas they generate. The topological groupoid associated to U 2 is H(F M ), since U 2 is adapted to a path-holonomy atlas by Lemma A.3 and since a path-holonomy atlas is adapted to any other atlas. The identity map on ∐ U ∈S U induces a canonical (injective) map ι such that this diagram commutes (and similarly for the source map s):
10 More precisely, to its restriction to (Id R n , π) −1 (W ) ∩ U .
One checks that this map descends to a well-defined morphism of topological groupoids Ξ∶ H(F) → H(F M ). We show that this morphism Ξ is surjective. Let (U, t, s) be a path-holonomy bisubmersion for F lying in the family S, and let W be the path-holonomy bisubmersion for F M specified in the proof of Lemma A. . To obtain the claimed surjectivity we use that H(F M ), being source-connected, is generated by any symmetric neighborhood of the identity section.
